We study the thermoelectric response of a device containing a pair of helical edge states contacted at the same temperature T and chemical potential µ and connected to an external reservoir, with different chemical potential and temperature, through a side quantum dot. Different operational modes can be induced by applying a magnetic field B and a gate voltage Vg at the quantum dot. At finite B, the quantum dot acts simultaneously as a charge and a spin filter. Charge and spin currents are induced, not only through the quantum dot, but also along the edge states. We focus on linear response and analyze the regimes, which we identify as charge heat engines or refrigerator, spin heat engine and spin refrigerator.
I. INTRODUCTION
One of most remarkable properties of topological insulating phases is the existence of conducting edge states. In two-dimensional systems, such as in the quantum Hall state or the spin quantum Hall (QSH) state, these edge states are single or multiple one-dimensional (1D) channels through which charge and energy propagate only in one direction. In the case of the quantum Hall, the edge states are chiral [1] [2] [3] [4] [5] as a consequence of the broken time-reversal symmetry. Instead, the QSH hosts Kramers pairs of helical counter-propagating edge states with opposite spin orientation. [6] [7] [8] [9] [10] [11] In situations where the electron-electron interactions play a role, these systems exhibit another extraordinary feature: the fractionalization of the charge and spin in the low-energy excitations. This has an impact in the unidirectional transport properties along the edges, 1, 5, 12, 13 as well as through tunneling contacts to other edge states or to other structures like quantum dots. [14] [15] [16] [17] [18] [19] [20] The edge states of the fractional quantum Hall effect are well described as chiral Luttinger liquids and the fractional charge is directly related to the magnetic filling factor. 1, 5 A pair of edge states of the QSH is effectively described by a Luttinger liquid of left and right moving electrons where spin and charge fractionalization can take place as a consequence of the Coulomb interaction represented by a parameter K.
5,21
Thermal transport in edge states of the quantum Hall regime has received a great deal of attention for some time. Since the pioneer works by Kane y Fisher, 12, 13 several studies reported on heat transport in the integer [22] [23] [24] [25] and in the fractional regimes. [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] More recently, thermoelectric effects have also been explored in the integer, 36, 37 as well as in the fractional case. 20, 38 Much less is presently known about thermal transport and thermoelectric effects in the quantum spin Hall regime. Tunneling contacts to quantum dots in mesoscopic structures play a crucial role in the thermoelectric response of these systems. This is because they enable transport with broken particle-hole symmetry, which is a necessary condition for realizing the charge to energy conversion characteristic of thermoelectricity. [44] [45] [46] Charge transport in helical edges of the quantum spin Hall regime with tunneling contacts between edge states and quantum dots or antidots is a subject of very active theoretical investigation.
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The aim of the present work is to analyze the therarXiv:1808.05570v1 [cond-mat.str-el] 16 Aug 2018 moelectric response of quantum spin Hall helical edges realized in the structure sketched in Fig. 1 . It consists of a pair of helical edge states of a quantum spin Hall system connected to an external reservoir at a different temperature and chemical potential, through a tunneledcoupled quantum dot. The transport through the quantum dot is controlled by means of a gate voltage and a magnetic field. As we will discuss, the physics of this device is very rich, allowing for the implementation of a variety of thermoelectric regimes, taking advantage of the helical nature of the edge states. The possibility of the magnetic control of the charge flow in helical edges was explored in other setups with magnetic islands in direct contact to the edge states. [64] [65] [66] Here we consider the effect of a Zeeman field on the side dot of the structure of the figure, in order to introduce spin filtering of the electrons injected from the external reservoir. This implies not only heat-charge conversion but also heat-spin conversion.
Without the ingredient of the magnetic field at the quantum dot, the setup of the figure may operate as a charge heat engine, or refrigerator, as is usual in thermoelectric devices where heat flows induced by temperature differences can be used to generate charge currents against chemical potential differences and vice versa. The magnetic field at the quantum dot adds the possibility of inducing spin currents, not only through the quantum dot, but also through the helical channels between the left and right terminals of the QSH bar. This comes along with heat flow between these two terminals, even when they are assumed to be at the same temperature and chemical potential. We identify two relevant operational regimes introduced by the spin filtering, which we name the spin heat engine and and the spin refrigerator, respectively. We analyze in detail all these regimes. On the other hand, the fractionalization of charge and energy in chiral Luttinger liquids has the consequence of enhancing the thermoelectric performance of the fractional quantum Hall regime, relative to the integer case, described by non-interacting electrons. 20 We show that the Coulomb repulsion represented by the Luttinger parameter K has a similar effect in the present case.
The paper is organized as follows. In Section II we present the theoretical model for the setup of Fig. 1 . In Section III we present the theoretical framework to analyze its thermoelectric response. We present results for the different operational modes in Section IV. Summary and conclusions are presented in Section V.
II. MODEL
The theoretical model for the setup of Fig. 1 is defined by the following Hamiltonian
where the first term correspond to the pair of helical edges. It is modeled as a Luttinger liquid as follows 5,21
Notice that due to the helical nature of the edge states, the direction of propagation is determined by the spin orientation. Hence, the spin labels ↑ and ↓ denote at the same time left and right moving excitations propagating with velocity v. The Coulomb electron-electron interaction is characterized by the parameter K, such that K < 1 (K > 1) corresponds to repulsive (atractive) interactions and K = 1 corresponds to the non-interacting case. The densities ∂ x φ σ (x), are expressed in terms of bosonic modes obeying a Kac Moody algebra
They are related to fermionic fields through
with a being a characteristic length and
The Klein factors
The second term of Eq. (1) describes the quantum dot controlled by a gate voltage V g and a magnetic field B, which has components B || , parallel, and B ⊥ , perpendicular, to the direction of the spin-orbit coupling of the QSH system. For simplicity, we consider a single-level quantum dot,
It is convenient to diagonalize the Hamiltonian for the dot as follows
The local energies in the diagonal basis read
The change of basis is d s = σ u s,σ d σ , with
where the angle θ is determined by cos(θ) = B || /B. The quantum dot is tunneled coupled to the helical edges with amplitudes w σ 18 and also to an external reservoir of ordinary fermions with amplitude w. The Hamiltonian reads
III. LINEAR THERMOELECTRIC DESCRIPTION
A. Spin-dependent fluxes and Onsager matrix
We assume that the quantum dot is strongly coupled to the external reservoir, so that it has the same chemical potential µ 2 = µ and temperature T 2 = T + ∆T of this system. The edge states are contacted to left and right reservoirs at chemical potential µ 1 = µ + eV and T 1 = T . The charge and heat currents between the quantum dot and the helical edges is composed of fluxes of ↑ electrons flowing to the L channel and ↓ electrons flowing to the R channel. We set µ = 0, and define these components as follows
where we have introduced the lesser Green's function
In the next section we will explain the method to evaluate these currents. Here, we focus on small temperature differences ∆T and small bias voltages eV between the reservoirs contacting the edges and the reservoir contacting the quantum dot. Under this condition, these currents will be linear functions of the affinities X 1 = ∆µ/T and
The coefficients
. In addition, these coefficients satisfy constraints imposed by the second law of thermodynamics, according to which the rate of entropy production is positive,
The diagonal matrix elements define, respectively, the electrical and thermal conductances per spin channel, while the off-diagonal matrix elements define the charge to energy conversion and viceversa. For B = 0, the charge current comes along with a spin current. In turn, imbalance between the flows with ↑ and ↓ electrons imply a net spin current flowing into the left or right terminal of the QSH bar. Therefore, we can identify different thermoelectric operational modes for this setup, which we describe below.
B. Operational modes
The different interesting operational modes are illustrated in Figs. 2 and 3. We consider first both cases as sketched in Fig. 2 . These are the usual operational modes of a two-terminal configuration with chemical potential and a temperature differences in opposition. In our case, the hot terminal is the quantum dot connected to the reservoir at µ and T + ∆T , while the cold reservoir is the Luttinger liquid composed of the two helical edge states. The thermoelectric response can be described by
In terms of the fluxes and Onsager coefficients defined in Eq. (12) we have
The device can operate as a heat engine or refrigerator. The performance of these operational modes is qualified by the efficiency (heat engine) or coefficient of performance (refrigerator) as follows
In the former case J C flows against the bias voltage X 1 and a electrical power −J C X 1 is generated at expenses of investmenting of a heat flow J Q , while in the latter case a heat current −J Q is extracted from the coldest reservoir by investing an electrical power J C X 1 . Both coefficients are bounded by the Carnot limits, η c,he ≤ ∆T /T and η c,f ri ≤ T /∆T .
Spin heat engine
We now consider the cases sketched in Fig. 3 (a) and (c). The magnetic field at the quantum dot filters electrons with a given spin component. The heat current flowing from the hot reservoir in strong coupling to the quantum dot leads to a polarized electron current through the tunneling contact to the helical edge states and a spin current is induced at the QSH system. Due to the helical nature of the edge states, this also implies a charge current flowing to the left or to the right along the edge. Hence the direction of the magnetic field distributes the electron flow towards the left or right terminals of the QSH bar. The thermoelectric description to characterize the generation of a spin current J S in the QSH by using the heat current J Q can be formulated in terms of the linear dependence of these currents with the affinities,
with
and L c 2j . We have introduced the sign ξ in the definition, in order to have L s 11 > 0 and J Q is the total heat current previously defined. In this case, the efficiency is quantified as the ratio between fraction of the electrical power flowing against the bias voltage to the left or right terminals (for ξ > 0 or ξ < 0), −J S X 1 , and the heat current flowing from the hot reservoir
3. Spin refrigerator
Finally we consider the cases sketched Fig. 3 (b) and (d). They can be regarded as the reversed operational mode of the spin heat engine. As a consequence of the spin filtering introduced by the magnetic field, not only a polarized electron flux but also an associated energy flux is established between the left and right terminals of the QSH bar. This can be described by the heat current
Hence, a polarized charge flux from the helical edges towards the quantum dot and the external terminal can be used to refrigerate the left or the right reservoir contacting the QSH system. The thermoelectric response can be described as follows The matrix elements of Eq. (18) in terms of the original
and the efficiency can be quantified as the heat current extracted from the left or the right reservoirs (for ξ > 0 or ξ < 0), upon investing a total electrical power J C X 1 ,
IV. CALCULATION OF THE ONSAGER COEFFICIENTS
The spin-dependent charge and heat currents defined in Eqs. (11) can be calculated by means of nonequilibrium Schwinger Keldysh formalism and treating perturbatively the tunneling couplings between the quantum dot and the helical edges, w σ . Here we summarize the main steps of this calculation. The charge current can be expressed as follows
where u s,σ are defined in Eq. (9) where the lesser and greater Green's functions of the quantum dot contacted only to the ordinary reservoir read g
It depends on the density of states of the quantum dot coupled to the external reservoir,
where
where ρ σ (ω) is the density of states of the chiral Luttinger liquid of left (for ↑) and right (for ↓) movers. Γ(x) is the Gamma function and
More details on this calculation are presented in Appendix A. Substituting in Eq. (20) we get the following expression for the charge current through the tunneling contact
Similarly, for the heat current we get
Expanding these expressions up to linear order in eV and ∆T we get the Onsager coefficients of Eq. (12),
In the limit of low temperature T < γ, the density of states of the Luttinger liquid can be well approximated by a power law as in Ref. 20 . The resulting expressions for the Onsager coefficients in this limit are
where c(K, T ) is a coefficient depending on K and T . Interestingly, from the definition of Eq. (24) we see that K is a function of the Luttinger parameter K obeying the following symmetry K ↔ 1/K. Hence, K has the same behavior for repulsive (K < 1) and atractive (K > 1) interactions.
V. RESULTS
A. Charge heat engine and refrigerator
In these operational modes introduced in Section III B 1 it is possible to proceed as in the usual 2 × 2 thermoelectric devices 45 and parametrize the efficiency by a figure of merit
being L 
being η C = ∆T /T the Carnot efficiency for the heat engine regime and η C = T /∆T the Carnot coefficient of performance for the refrigerator regimes. This maximum corresponds to the following relation between ∆µ and ∆T ,
The device operates as a heat engine within the range of voltages satisfying
while it operates as a refrigerator within the range In what follows, we show and analyze the Onsager coefficients and the figure of merit described in the previous section. We calculate numerically the coefficients of Eq. (27) and analytically with Eqs. (28) within the lowtemperature regime T < γ. We have verified that the latter are in prefect agreement with the exact results.
B = 0
In Fig. 4 , we show the Onsager coefficients for the charge heat engine or refrigerator described in Section III B 1, as well as the corresponding figure of merit. We fix the magnetic field at B = 0 a low temperature T = 0.1γ, and analyze these quantities as functions of the gate voltage.
The diagonal coefficients L c 11 and L c 22 , related, respectively, to the electrical and thermal conductances, have maxima when the level of the dot is aligned with the chemical potential µ. The maximum thermoelectric efficiency, corresponding to the maximum ZT , takes place at the maximum of the absolute value of the off-diagonal coefficient |L c 12 |. This is achieved by applying gate voltages leading to configurations with a high density of states of the quantum dot but with broken particle-hole symmetry. This condition is satisfied within a window
21 defines the range of voltages for the operational mode, as discussed in Eqs. (33) and (34) .
Comparing to the fractional quantum Hall regime, modeled by a chiral Luttinger liquid, we notice that inverse of the fractional filling factor 1/ν plays a similar role as the parameter K defined in Eq. (24) in the present case. Therefore, akin to the fractional quantum Hall effect analyzed in Ref. 20 , the thermoelectric performance is enhanced when the system departs from the non-interacting limit K = 1. This is true for K > 1 as well as K < 1.
Effect of the magnetic field
Although the magnetic field is not essential for the device to operate as a charge heat engine or refrigerator, it is interesting to analyze its effect. Turning on the magnetic field, B, the electronic levels of the quantum dot is split by Zeeman effect into two levels with energies E ± given in Eq. (8) . Figure (5) shows the thermoelectric coefficients and the figure of merit for a finite magnetic field aligned with the direction of the spin-orbit coupling of the QSH bar, θ = 0. We can identify in the behavior of the diagonal coefficients L c 11 and L c 22 as functions of the gate voltage (top panels) the two peaks at eV g = ±B/2. These correspond to the values of the gate voltage for which the levels are alined with the mean chemical potential µ. Concomitantly, the non diagonal coefficient L c 12 also presents more features than in the case of vanishing magnetic field. In particular, this coefficient vanishes at the two resonant values eV g = ±B/2, in addition to the particle-hole symmetric value eV g = 0 of the zero magnetic field.
Changing the direction of the applied magnetic field, θ, has no effect on the Onsager coefficients L c ij . This result can be understood on the basis of the expressions given in Eq. (28) . Considering, for instance, the case of the low-temperature expression for the coefficient
and taking int account that from Eq. (9) σ u 2 s,σ = 1, we conclude that the orientation of the magnetic field has no influence in its value. This is also true for the exact coefficients evaluated numerically. Hence, the perfect alignment of the magnetic field along the direction of the spin-orbit axis of the topological insulator, is not crucial for the thermoelectric performance of this operational mode.
In the top panel of Fig. (6) we show the behavior of L c 11 for several values of the magnetic field. When the magnitude of the magnetic field is reduced we observe a decreasing resolution of the peaks located at the energies of the dot in the diagonal coefficients. Both peaks merge into a single peak for values of the applied field approaching to the intrinsic broadening γ of the quantum dot levels. The effect of temperature is analyzed in the lower panel of Fig. (6) . As the temperature is increased, large values of the figure of merit are achieved. This is similar to the results for the fractional quantum Hall effect presented in Ref. (20) .
B. Spin heat engine
For the spin heat engine mode described in section III B 2, we are interested in the conversion of the heat current from the external reservoir to a spin current through the quantum dot and along the edge states of the QSH bar. This mode can only be implemented by applying a magnetic field at the quantum dot. To characterize it, we introduced the coefficients L The efficiency of the device can be quantified by the ratio between the power developed by the polarized current J S and the heat flux J Q , as defined in Eq. (17) . Following the same philosophy as in the usual charge heat engine and refrigerator, we focus on fixed ∆T and analyze the conditions for the maximum possible efficiency within the linear response regime. To this end, we maximize Eq. (17) 
We have used the following definitions being Det L s,he the determinant of the matrix of Eq. (16). The maximum is found to take place at the value of the voltage bias
22
.
The maximum efficiency at fixed ∆T is parametrized by a figure of merit (ZT ) s,he , which has the same formal expression as for the charge heat engine. The maximum is achieved for parameters satisfying (ZT ) s,he → ∞ and it is bounded by χ he η c . Notice that χ he ≤ 1, and the limit χ he = 1 corresponds to a fully polarized current. In addition to the definitions of Eqs. (36), (37) and (38) , it is important to take into account that for the spin heat engine operational mode to take place, it is necessary to satisfy the following conditions
From figures (5) and (7) we can observe that L c 21 has the same sign of L s 12 and therefore the ratio R he is a positive magnitude which is bounded by 0 < R he < 1 due to the constraints imposed by Det L s,he > 0 and verified numerically. The later, determines the selected solution for the Eq. (38) . In addition, we recall that the coefficients L σ ij should satisfy the conditions leading to a positive rate of the entropy production given by Eq. (13). In the lower panels of figure (7), we show the behavior of these coefficients when the direction of the magnetic field is tilted in a angle θ with respect to the direction of the spin orbit of the QSH. In contrast to the charge regime, the factors u 
A similar expression is found for L between the two spin channels is clearly seen as a function of θ. In particular, when the field is perpendicular to the direction of the spin-orbit of the bar, the two coefficients vanish.
The efficiency of the device in this regime is analyzed in figure (8) , where the figure of merit (ZT ) s,he defined in Eq. (37), is shown for the same parameters of Fig.  7 . For this mode, the performance is also enhanced for interacting systems with K = 1. Interestingly, the effect of the alignment of the magnetic field affects identically L s 11 and L s 12 . Hence, the vale of ZT is not affected by the tilt angle θ of the magnetic field, as can be seen in the bottom panel of Fig. (8) .
C. Spin refrigerator
Finally, we discuss the spin refrigerator mode introduced in Section III B 3. As in the heat engine, this regime operates only at finite magnetic field B = 0.
The coefficient of performance of the device in this case can be quantified by the ratio between the power developed by the polarized heat flux flowing along the helical edge states J Q,s and the charge flux J C , between the external reservoir and the TI bar, as defined in Eq. (19) . Following the same procedure as in the case of the spin heat engine, we fix ∆T and maximize Eq. (19) . The maximum value is
We have used the following definitions
being Det L s,f r the determinant of the matrix of Eq. (18). The voltage bias corresponding to the maximum is
. In this mode the maximum coefficient of performance at fixed ∆T is also parametrized by a figure of merit (ZT ) s,f r , which has the same formal expression as for the modes previously analyzed and, as in the other cases, the maximum is achieved for (ZT ) s,f r → ∞. It is bounded by χ f r η c and χ f r ≤ 1, with the maximum corresponding to a fully polarized current. In addition to the definitions of Eqs. (41), (42) and (43) , the following conditions must be satisfied
In this case, the regime is characterized by the coefficients L is given by the amplitude introduced by the factor I n (K) in Eq. (29) . As a consequence, the coefficient L 
VI. SUMMARY AND DISCUSSION
We have analyzed the thermoelectric response of a pair of helical edge states of a topological insulator coupled to an extra reservoir through a side quantum dot. By applying a gate voltage as well as a magnetic field at the quantum dot, different thermoelectric operational modes can be induced in this device. These include usual charge heat engine and refrigerator, as well as spin heat engine and refrigerator. The latter modes imply the conversion between heat and spin currents and are of interest in spintronics.
In this work we introduced a linear response description, relevant for small bias voltages and temperature differences and characterize the different regimes by efficiencies or coefficients of performance parametrized by figures of merit. As in the case of the fractional quantum Hall effect studied in Ref. 20 , the thermoelectric performance is improved when the many-body interactions are relevant.
in terms of the bosonic ones in Eq. (4) 
where D 
whereK
The lesser Green function is obtained through the relation g < σ (t − t ) = −g Note that the left and right movers share the same temperature and, as a consequence, there is no spin dependence in the explicit expressions of the above Green functions.
Transforming Fourier to the frequency domain we have
Finally, the density of states ρ σ (ω) can be introduced through the identity g 
